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Abstract In the framework of the Heisenberg picture, an alternative derivation
of the reduced density matrix of a driven dissipative quantum harmonic oscillator
as the prototype of an open quantum system is investigated. The reduced density
matrix for different initial states of the combined system is obtained from a general
formula, and different limiting cases are studied. Exact expressions for the corre-
sponding characteristic function in quantum thermodynamics and Wigner quasi
distribution function are found. A possible generalization based on the Magnus
expansion of the evolution operator is presented.
PACS 05.40.JcBrownian motion · 03.65.YzDecoherence; open systems; quantum
statistical methods · 03.67.-aQuantum information · 05.30.-dQuantum statistical
mechanics
1 Introduction
Experimental techniques in design and manufacturing nanoscale devices to be ap-
plied in quantum technology have considerably improved and reached a high level
of accuracy in recent years. These devices due to working in the quantum domain
are so sensitive to external sources and noises that a precise theoretical under-
standing of their function is vital to controlling and correcting unwanted behaviors.
These devices or systems belong to a wider class of quantum systems interacting
with their environment known as open quantum systems [1]. The subject of open
quantum systems covers a wide range of applications in quantum physics due to
the fact that no quantum system can be completely isolated from its environment.
An important paradigm of an open quantum system is the quantum Brownian
motion [2,3] which has been investigated extensively by different approaches [4,
5,6,7,8] and appears in miscellaneous problems in physics and chemistry [9,10,
11,12,13,14,15,16,17,18,19,20]. Generally, the Hamiltonian of an open quantum
system consists of three parts, Hamiltonian of the main system HS , Hamiltonian
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of the environment HR and the interaction Hamiltonian HSR. The main ingredi-
ent in the context of open quantum system theory is the reduced density operator
ρˆS(t) describing the main system under consideration. This operator is obtained
by tracing out the environmental degrees of freedom of total density matrix ρˆ(t)
describing the combined system. Knowing the explicit form of the reduced density
matrix, a complete description of the quantum dynamics of the main subsystem
is achievable.
Another issue that should be taken into account while investigating the ther-
modynamical properties of nanoscale devices working at the quantum regime is
the significance of quantum fluctuations that may lead to a reconsideration of
thermodynamical laws. Therefore, a precise investigation of the relation between
thermodynamics and quantum mechanics is unavoidable and has opened a new
issue nowadays referred to as quantum thermodynamics [21,22,23,24,25,26,27,28,
29,30].
Our aim in the present letter is to introduce an alternative derivation of the
reduced density matrix of a driven dissipative quantum harmonic oscillator. Al-
though, the method applied in the present work is based on the existence of exact
expressions for the time-evolution of dynamical observables, as a generalization,
a perturbative method based on the Magnus expansion (Sec. (11)) can also be
developed leading to approximate expressions for the time-evolution of the main
dynamical variables. The main result of this investigation is the general formula
Eq. (17) and its particular form Eq. (21) from which exact results can be ex-
tracted for different initial states of the combined system or for different limiting
cases. Due to the important role played by the characteristic function in quantum
thermodynamics, an exact expression for this function is given in Eq. (47) and
its limiting cases are also considered. In the following, the exact Wigner quasi
distribution function corresponding to the reduced density matrix is found.
2 Basics
Here the complex conjugation of an arbitrary c-valued quantity z is denoted by
z¯, its complex norm by |z| and Laplace transform of an arbitrary function ϕ(t)
is denoted by L[ϕ(t)] = ϕ˜(s), (ϕ(t) = L−1[ϕ˜(s)]). The Hamiltonian that we have
considered here is the Hamiltonian of a dissipative quantum harmonic oscillator
under the influence of a classical external source given by
Hˆ =
HˆS︷ ︸︸ ︷
h¯ω0 aˆ
†aˆ+
HˆR︷ ︸︸ ︷∑
j
h¯ωj bˆ
†
j bˆj +
HˆSR︷ ︸︸ ︷∑
j
[h¯fj bˆj aˆ
† + h¯f¯j bˆ
†
j aˆ]
+ h¯K(t) aˆ† + h¯ K¯(t) aˆ︸ ︷︷ ︸
Hˆext
, (1)
where fj ’s are coupling constants coupling the oscillator to its environment and
K(t)) is an arbitrary time-dependent classical external source. Our aim is to find
the exact reduced density matrix of the oscillator as the main subsystem in an al-
ternative simple and efficient way. For this purpose, we first find the time-evolution
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of the oscillator ladder operators in the Heisenberg picture as (App. A)
aˆ(t) = G(t) aˆ(0)− iζ(t)− i
∑
j
Mj(t) bˆj(0),
aˆ†(t) = G¯(t) aˆ(0) + iζ¯(t) + i
∑
j
M¯j(t) bˆ
†
j(0), (2)
where we have defined
G(t) = L−1
[
1
s+ χ˜(s) + iω0
]
,
χ˜(s) =
∑
j
|fj |2
s+ iωj
,
Mj(t) = fj
∫ t
0
dt′ e−iωj(t−t
′)G(t′),
ζ(t) =
∫ t
0
dt′G(t− t′)K(t′). (3)
From Eqs. (2) and [aˆ(t), aˆ†(t)] = 1 we deduce
|G(t)|2 +
∑
j
|Mj(t)|2 = 1. (4)
From Heisenberg equations for reservoir operators we find (App. A)
bˆj(t) =
∑
k
Λjk(t) bˆk(0) + Γj(t) aˆ(0) +Ωj(t),
bˆ†j(t) =
∑
k
Λ¯jk(t) bˆ
†
k
(0) + Γ¯j(t) aˆ
†(0) + Ω¯j(t), (5)
where
Λjk(t) = e
−iωjt δjk − f¯j
∫ t
0
dt′ e−iωj(t−t
′)Mk(t
′),
Γj(t) = −if¯j
∫ t
0
dt′ e−iωj(t−t
′)G(t′),
Ωj(t) = −f¯j
∫ t
0
dt′ e−iωj(t−t
′) ζ(t′). (6)
From [ˆbj(t), bˆ
†
j(t)] = 1 one easily finds
(Λ(t)Λ†(t))jj + |Γj(t)|2 = 1. (7)
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3 Matrix elements of the reduced density matrix
Let us assume that the initial density matrix (ρˆ(t = 0)), of the oscillator and its
environment is a separable state ρˆ(0) = ρˆS(0) ⊗ ρˆR(0). Then, the total density
matrix at an arbitrary time t is
ρˆ(t) = Uˆ(t) ρˆ(0) Uˆ†(t). (8)
where the unitary operator Uˆ(t) is the evolution operator of the combined sys-
tem. The reduced density matrix of the oscillator can be obtained by tracing out
the environment degrees of freedom of ρˆ(t) as ρˆs(t) = TrR{ρˆ(t)}. For the matrix
elements of the reduced density matrix in the basis of number states we have
〈n|ρˆS(t)|m〉 = 〈n|TrR{Uˆ(t) ρˆ(0) Uˆ†(t)|m〉,
= TrS
(
|m〉〈n|TrR
(
Uˆ(t) ρˆ(0) Uˆ†(t)
))
,
= Tr
{(|m〉〈n| ⊗ IR) Uˆ(t) ρˆ(0) Uˆ†(t)},
= Tr
{
Uˆ†(t)
(|m〉〈n| ⊗ IR) Uˆ(t)︸ ︷︷ ︸
Qˆmn(t)
ρˆ(0)
}
, (9)
where TrS denotes trace over oscillator degrees of freedom, Tr denotes the total
trace and IR is identity operator over the environment Hilbert space. In Eq. (9)
we have defined
Qˆmn(t) = Uˆ
†(t)
(|m〉〈n| ⊗ IR) Uˆ(t), (10)
with the following properties (App. B)
∞∑
n=0
Qˆnn(t) = I,
∞∑
n=0
ns Qˆnn(t) = [aˆ
†(t)aˆ(t)]s. (11)
Eq. (10) can be rewritten in terms of the Heisenberg operators as (App. C)
Qˆmn(t) =
1√
m!n!
∞∑
s=0
(−1)s
s!
[aˆ†(t)]s+m [aˆ(t)]s+n, (12)
and plays a fundamental role in what follows. Now we can rewrite Eq. (9) as
〈n|ρˆS(t)|m〉 = Tr{Qˆmn(t) ρˆ(0)}
=
1√
m!n!
∞∑
s=0
(−1)s
s!
Tr
{
[aˆ†(t)]s+m [aˆ(t)]s+n ρˆS(0)⊗ ρˆR(0)
}
, (13)
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on the other hand, from Eq. (2) we have
[aˆ(t)]s+n =
(
G(t) aˆ(0)− i(ζ(t) + Bˆ)
)s+n
,
=
s+n∑
r=0
(
s+ n
r
)
[G(t)]s+n−r (−i)r [aˆ(0)]s+n−r
×
r∑
v=0
(
r
v
)
[ζ(t)]r−v [Bˆ]v, (14)
and similarly
[aˆ†(t)]s+m =
(
G¯(t) aˆ†(0) + i(ζ¯(t) + Bˆ†)
)s+m
,
=
s+m∑
r=0
(
s+m
r
)
[G¯(t)]s+m−r (i)r [aˆ†(0)]s+m−r
×
r∑
v=0
(
r
v
)
[ζ¯(t)]r−v [Bˆ†]v, (15)
where for convenience we defined
Bˆ =
∑
j
Mj(t) bˆj(0),
Bˆ† =
∑
j
M¯j(t) bˆ
†
j(0). (16)
By inserting Eqs. (14) and (15) into Eq. (13), we find
〈n|ρˆS(t)|m〉 = 1√
n!m!
∞∑
s=0
(−1)s
s!
s+m∑
p=0
p∑
u=0
s+n∑
r=0
r∑
v=0
×
(
s+m
p
)(
p
u
)(
s+ n
r
)(
r
v
)
(i)p−r
×[G¯(t)]s+m−p[G(t)]s+n−r[ζ¯(t)]p−u[ζ(t)]r−v
×TrS
(
[aˆ†(0)]s+m−p[aˆ(0)]s+n−r ρˆS(0)
)
×TrR
(
[Bˆ†]u[Bˆ]v ρˆR(0)
)
. (17)
Eq. (17) is the most general formula representing the reduced density matrix in
the basis of number states. In order to proceed, we assume that the initial state
of the environment is a thermal Maxwell-Boltzmann state defined by
ρˆR(0) =
1
ZR
∏
j
⊗ e−βh¯ωj bˆ
†
j bˆj ,
ZR =
∏
j
zj ,
zj = Trj [e
−βh¯ωj bˆ
†
j bˆj ]. (18)
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where β = 1/kBT , kB is the Boltzmann constant, T is the temperature of the
environment and Trj is the trace operator in the Hilbert space of the jth oscillator
in the environment. By making use of the generating function method it can be
proved that (App. D)
TrR
(
[Bˆ†]u[Bˆ]v ρˆR(0)
)
= δuv u! [η(t)]
u, (19)
where we have defined
η(t) =
∑
j
|Mj(t)|2
eβh¯ωj − 1 . (20)
Therefore,
〈n|ρˆS(t)|m〉 = 1√
n!m!
∞∑
s=0
(−1)s
s!
s+m∑
p=0
s+n∑
r=0
min(p,r)∑
u=0
×
(
s+m
p
)(
s+ n
r
)(
p
u
)(
r
u
)
u! [η(t)]u (i)p−r
× [G¯(t)]s+m−p[G(t)]s+n−r[ζ¯(t)]p−u[ζ(t)]r−u
×TrS
(
[aˆ†(0)]s+m−p[aˆ(0)]s+n−r ρˆS(0)
)
. (21)
Eq. (21) is the main result of this section. In the last line of this equation, the trace
operator acts on subsystem operators at initial time t = 0 that can be achieved
straightforwardly. In the rest of this letter, we will extract different physical results
from Eq. (21) by considering different initial states or conditions on the total
Hamiltonian given in Eq. (1).
4 The oscillator is initially in a coherent state
In this case we have ρˆs(0) = |α〉〈α|, therefore,
〈n|ρˆS(t)|m〉 = 1√
n!m!
∞∑
s=0
(−1)s
s!
s+m∑
p=0
s+n∑
r=0
min(p,r)∑
u=0
×
(
s+m
p
)(
s+ n
r
)(
p
u
)(
r
u
)
u! [η(t)]u (i)p−r
×[G¯(t)]s+m−p[G(t)]s+n−r[ζ¯(t)]p−u[ζ(t)]r−u
×(α¯)s+m−p(α)s+n−r, (22)
which is an exact expression suitable for both analytical and numerical calcula-
tions. Let us consider some limiting cases. In low temperature limit (β →∞), using
Eq. (20) we have η(t)→ 0, therefore, by setting η(t) = 0 in Eq.(22) we obtain
〈n|ρˆS(t)|m〉 = 1√
n!m!
(αG(t)− iζ(t))n(α¯G¯(t) + iζ¯(t))m e−|αG(t)−iζ(t)|2. (23)
Open quantum systems in Heisenberg picture 7
By setting n = m in Eq. (23) we find the probability of finding the system in
number state |n〉
〈n|ρˆS(t)|n〉 = |αG(t)− iζ(t)|
2n
n!
e−|αG(t)−iζ(t)|
2
, (24)
which is a Poisson distribution with mean number parameter
〈n〉 = |αG(t)− iζ(t)|2. (25)
5 The oscillator is initially in a number state
In this case we have ρˆs(0) = |k〉〈k|, since ρˆs(t) is a hermitian operator we have
〈n|ρˆS(t)|m〉 = 〈m|ρˆS(t)|n〉, so with no lose of generality we can assume m ≥ n and
find (App. E)
〈n|ρˆS(t)|m〉 = (iζ¯)
m−n
√
n!m!
∞∑
s=0
(−1)s
s!
s+n∑
r=rmin
k!
(k − s− n+ r)!
×
(
s+m
m− n+ r
)(
s+ n
r
)
|G(t)|2(s+n−r)|ζ|2r
×
r∑
u=0
(
m− n+ r
u
)(
r
u
)
u!
[
η(t)
|ζ(t)|2
]u
, (26)
where rmin = max(s+ n− k, 0). By setting n = m, we can find the probability of
finding the oscillator in state |n〉 at time t knowing that it was initially prepared
in the state |k〉
P ζ 6=0,T 6=0
k→n (t) =
1
n!
∞∑
s=0
(−1)s
s!
s+n∑
r=rmin
k!
(k − s− n+ r)!
×
(
s+ n
r
)2
|G(t)|2(s+n−r)|ζ(t)|2r
×
r∑
u=0
(
r
u
)2
u!
[
η(t)
|ζ(t)|2
]u
. (27)
In zero temperature limit, Eq. (27) reduces to
P ζ 6=0,T=0
k→n (t) =
|G(t)|2n
n!
∞∑
s=0
(−1)s
s!
|G(t)|2s
×
s+n∑
r=rmin
(
s+ n
r
)2
k!
(k − s− n+ r)!
∣∣∣ ζ(t)
G(t)
∣∣∣2r. (28)
For k = 0, the initial state is the vacuum state |0〉 that is a coherent state, in this
case rmin = s+ n and Eq. (28) reduces to
P ζ 6=0,T=00→n (t) =
|ζ|2n
n!
e−|ζ|
2
, (29)
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which is a Poisson distribution that could also be found from Eq.(24) by setting
α = 0. Note that in large-time limit |G(t)| → 0 and the non-vanishing terms in Eq.
(28) are obtained by setting r = s+ n leading to the same equation Eq. (29) due
to the fact that in large-time limit oscillator will decay to its vacuum state.
6 Expectation values
Let F (aˆ†(0), aˆ(0)) be an arbitrary function in terms of the oscillator ladder oper-
ators at the initial time t = 0. The expectation value 〈F 〉t at arbitrary time t is
(App. F)
〈F (aˆ†(0), aˆ(0))〉t = TrS [F (aˆ†(0), aˆ(0)) ρˆS(t)],
= Tr[F (aˆ†(t), aˆ(t)) ρˆ(0)]. (30)
As an example, let F = h¯ω0(aˆ
†aˆ+ aˆaˆ†)/2 then from Eqs. (2) and the initial state
ρˆ(0) = |n〉〈n| ⊗ e
−βHˆR(0)
ZR
, (31)
we find the energy of the oscillator at time t as
〈E〉t = h¯ω0 |G(t)|2(n+ 1/2) + |ζ(t)|2 +
∑
J
|Mj(t)|2 coth(βh¯ωj/2), (32)
leading to a probabilistic interpretation of Eq. (4).
7 Special limiting cases
7.1 The dissipation can be ignored and coupling to the external source is strong
In this case the coupling constants fj are zero and from Eqs. (3) we have
χ˜(s) = 0→ G(t) = e−iω0t,
Mj(t) = 0→ η(t) = 0.
ζ(t) =
∫ t
0
dt′ e−iω0(t−t
′)K(t′). (33)
To proceed let the initial state of the oscillator be a coherent state ρˆS(0) = |α〉〈α|,
then from Eq. (21) we have (App. G)
〈n|ρˆS(t)|m〉 = [αe
−iω0t − iζ(t)]n [α¯ eiω0t + iζ¯(t)]m√
n!m!
× e−|αe−iω0t−iζ(t)|2 , (34)
and the diagonal elements are given by
〈n|ρˆS(t)|n〉 = |α e
−iω0t − iζ(t)|2n
n!
e−|αe
−iω0t−iζ(t)|2 ,
(35)
which is a Poisson distribution function with mean value
〈n〉 = |α e−iω0t − iζ(t)|2. (36)
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7.2 The external source is switched off
Now let the initial state be the number state ρˆs(0) = |k〉〈k| with zero coherency.
In the absence of a driving force (ζ(t) = 0), we set u = r, n = m in Eq. (21) and
find
〈n|ρˆS(t)|m〉 = δn,m 1n!
∞∑
s=0
(−1)s
s!
|G(t)|2(s+n)
×
s+n∑
r=rmin
k! r! [η(t)/|G(t)|2]r
(k − s− n+ r)!
(
s+ n
r
)2
.
(37)
Therefore, the evolved reduced density matrix has remained diagonal with zero
coherency and diagonal elements are given by
P ζ=0,T 6=0
k→n (t) =
|G(t)|2n
n!
∞∑
s=0
(−1)s|G(t)|2s
s!
×
s+n∑
r=rmin
(
s+ n
r
)2
k! r!
(k − s− n+ r)!
[
η(t)
|G(t)|2
]r
. (38)
In low temperature limit, we set r = 0 in Eq. (38) and find
P ζ=0,T=0
k→n (t) = θ(k − n)
(
k
n
)(
|G(t)|2
)n (
1− |G(t)|2
)k−n
, (39)
which is a binomial distribution with parameter |G(t)|2. The Heaviside step func-
tion in Eq. (39) is defined by
θ(k − n) =
{
1, k ≥ n
0, k < n
(40)
and shows that only transitions to lower energy levels (k ≥ n) are possible.
Now let the initial state be a coherent state ρˆs(0) = |α〉〈α|, and the preferred
basis be the number states, then in the absence of external source (ζ(t) = 0), we
set p = r = u in Eq. (22) and with no loss of generality we can assume m ≥ n,
therefore,
〈n|ρˆS(t)|m〉 = 1√
n!m!
∞∑
s=0
(−1)s
s!
[α¯G¯(t)]s+m[αG(t)]s+n
×
s+n∑
r=0
(
s+m
r
)(
s+ n
r
)
r!
[
η(t)
|G(t)|2
]r
. (41)
From Eq. (41) it is seen that the coherency of the density matrix vanishes at
large-time limit since the non-diagonal elements tend to zero in this limit (App.
H).
In low-temperature limit Eq. (41) reduces to
〈n|ρˆS(t)|m〉 =
[α¯G¯(t)]m[αG(t)]n√
n!m!
e−|αG(t)|
2
, (42)
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and the probability of finding the oscillator in the number state |n〉 is a Poisson
distribution
〈n|ρˆS(t)|n〉 = |αG(t)|
2n
n!
e−|αG(t)|
2
. (43)
8 Quantum thermodynamics. The Characteristic function
Let P (Q, t) be the probability distribution for the heat amount Q to be transferred
to the environment between times t = 0 and t. Then [31,32]
P (Q, t) =
∑
e1,e2
δ(e2 − e1 −Q)P [e1 → e2; t]P [e1], (44)
where P [e1] is the probability of obtaining e1 when measuring environment energy
HˆR at t = 0 and P [e1 → e2; t] is the conditional probability that a measurement
of HˆR gives e2 at time t when it gave e1 at t = 0. The characteristic function is
defined by the Fourier transform
G(ν, t) =
∫ ∞
−∞
dQP (Q, t)eiQν ,
=
∑
e1,e2
P [e1 → e2; t]P [e1] eiν(e2−e1). (45)
Let the initial density matrix of the total system be a factorized state ρ(0) =
ρS(0)⊗ρR(0), where ρS(0) is the initial density matrix of the oscillator and ρR(0)
is the initial density matrix of the reservoir which we assume to be a thermalized
state
ρR(0) = e
−βHˆR/ZR,
ZR = Tr[e
−βHˆR ]. (46)
Now we have
P [e1 → e2; t]P [e1] = 〈e2|Uˆ(t)
(
ρS(0)⊗ |e1〉〈e1|
)
Uˆ†(t)|e2〉 〈e1|ρR(0)|e1〉, (47)
therefore,
G(ν, t) =
∑
e1,e2
〈e2|TrS
[
Uˆ(t)
(
ρS(0)⊗ |e1〉〈e1|
)
Uˆ†(t)
]
|e2〉 〈e1|ρR(0)|e1〉 eiν(e2−e1),
=
∑
e2
〈e2|TrS
[
Uˆ(t)
(
e−iνHˆRρS(0)⊗
[∑
e1
〈e1|ρR(0)|e1〉|e1〉〈e1|
])
Uˆ†(t)
]
× eiνHˆR |e2〉,
= TrRTrS
[
Uˆ(t)e−iνHˆRρS(0)⊗ ρR(0) Uˆ†(t)eiνHˆR
]
,
= Tr
[
Uˆ†(t)eiνHˆRUˆ(t)e−iνHˆR ρ(0)
]
,
= Tr
[
eiνHˆR(t)e−iνHˆR ρ(0)
]
. (48)
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In Eq. (48), TRS(R) means taking trace over system(reservoir) degrees of freedom
and HˆR(t) is the reservoir Hamiltonian in Heisenberg picture defined by
HˆR(t) = Uˆ
†(t)HˆRUˆ(t) =
∑
j
h¯ωj bˆ
†
j(t)bˆj(t), (49)
where bˆj(t) and bˆ
†
j(t) are given by Eq. (5). From the characteristic function G(ν, t),
the moments of Q can be found as
〈Qn(t)〉 = (−i)n d
nG(ν, t)
d νn
∣∣∣∣
ν=0
. (50)
As an example, let the oscillator be initially prepared in the number state ρS(0) =
|n〉〈n|, using Eq. (48), the average heat transferred to the reservoir is
〈Q(t)〉 = (−i) dG(ν, t)
d ν
∣∣∣∣
ν=0
,
= −iTr
[
iHˆR(t)e
iνHˆR(t)e−iνHˆR(0) + eiνHˆR(t)(−iHˆR(0))e−iνHˆR(0)
]
ν=0
,
= Tr
[(
HˆR(t)− HˆR(0)
)
ρ(0)
]
,
=
∑
j
h¯ωj Tr
[(
bˆ†j(t)bˆj(t)− bˆ†j(0)bˆj(0)
)
ρS(0)⊗ ρR(0)
]
. (51)
By inserting Eqs. (5) into Eq. (51) we find
〈Q(t)〉 = n
∑
j
h¯ωj |Γj(t)|2 +
∑
j
h¯ωj |Ωj(t)|2
+
∑
j,k
h¯ωj |Λjk(t)|2
eβh¯ωk − 1 . (52)
In zero temperature (β → ∞) and in the absence of external source (Ωj(t) = 0),
we have
〈Q(t)〉 = n
∑
j
h¯ωj |Γj(t)|2. (53)
9 Thermal equilibrium
In the absence of an external source (ζ = 0) the oscillator tends to an equilibrium
state in large-time limit for arbitrary initial state. This can be easily deduced by
setting r = p = u, (m ≥ n) in Eq. (21), we have
〈n|ρˆS(t)|m〉 = 1√
n!m!
∞∑
s=0
(−1)s
s!
s+n∑
r=0
(
s+m
r
)(
s+ n
r
)
× [G¯(t)]s+m−r[G(t)]s+n−r r! [η(t)]r
×TrS
(
[aˆ†(0)]s+m−r[aˆ(0)]s+n−r ρˆS(0)
)
, (54)
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in large-time limit we have |G(t)| → 0, leading to (App. I)
〈n|ρˆS(t)|m〉 = δn,m [η(t)]
n
[1 + η(t)]n+1
, (55)
which is a thermal state with mean number 〈n〉 = η(t).
10 Wigner function
An important quasi distribution function on phase space is the Wigner function.
In this section we find an expression for the Wigner function corresponding to
a driven dissipative harmonic oscillator. The components of the reduced density
matrix in the continuous position basis {|x〉} are
〈x|ρˆS(t)|x′〉 =
∞∑
n,m=0
〈x|n〉〈n|ρˆS(t)|m〉〈m|x′〉,
=
∞∑
n,m=0
ψn(x)ψ¯m(x
′) 〈n|ρˆS(t)|m〉, (56)
where ψn(x) is the nth eigenvector of the free oscillator Hamiltonian. The Wigner
quasi distribution function is defined by
W (x, p; t) =
1
πh¯
∫ ∞
−∞
dy 〈x+ y|ρˆS(t)|x− y〉 e
−2i
h¯
py,
=
∞∑
n,m=0
〈n|ρˆS(t)|m〉
{
1
πh¯
∞∫
−∞
dy ψn(x+ y) ψ¯m(x− y)e
−2ipy
h¯
}
. (57)
As a special case, let the initial state of the oscillator be the number state ρˆS(0) =
|k〉〈k|, and the external source be switched off, then
W (x, p; t) =
∞∑
n=0
P ζ=o,T 6=0
k→n (t)Wn(x, p; t), (58)
where
Wn(x, p; t) =
1
πh¯
∞∫
−∞
dy ψn(x+ y)ψ¯n(x− y)e
−2ipy
h¯ , (59)
is the Wigner function corresponding to the pure state |n〉〈n| and P ζ=o,T 6=0
k→n (t) is
given by Eq. (38). From Eq. (58) it is seen that the quasi distribution functionW is
the average of quasi distributions Wn with respect to the probability distribution
P ζ=o,T 6=0
k→n (t). In low temperature limit, using Eq. (39), we find
W (x, p; t) =
k∑
n=0
(
k
n
)(
|G(t)|2
)n(
1− |G(t)|2
)k−n
Wn(x, p; t),
= 〈Wn(x, p; t)〉binomial. (60)
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As another case, let the initial state of the oscillator be a coherent state ρˆS(0) =
|α〉〈α|, then in the zero temperature (β →∞) we have from Eq. (23)
W (x, p; t) =
1
h¯π
∫ ∞
−∞
dy 〈x+ y|
∞∑
n=0
(αG− iζ)n√
n!
|n〉
∞∑
m=0
〈m| (α¯ G¯+ iζ¯)
m
√
m!
|x− y〉 e−2ipyh¯
× e−|αG−iζ|2 ,
=
1
h¯π
∫ ∞
−∞
dy 〈x+ y|αG(t)− iζ(t)〉〈αG(t)− iζ(t)|x− y〉 e−2ipyh¯ , (61)
which is the Wigner function corresponding to the following evolved coherent state
ρˆS(t) = |αG(t)− iζ(t)〉〈αG(t)− iζ(t)|. (62)
11 Generalisation
In the present work we have concentrated on the Hamiltonian Eq. (1) which is
the Hamiltonian of a driven dissipative harmonic oscillator. However, there are
few systems that their Heisenberg equations are integrable. So a perturbative
approach is unavoidable. Among the perturbative methods, the Magnus expansion
[33] has some preferences. The main preference is the preservation of the unitarity
of the evolution operator at any order of approximation. Having an approximate
evolution operator Uˆappr.(t) we find an approximation expression for an arbitrary
dynamical variable Aˆ in Heisenberg picture as
A(t) ≈ Uˆ†appr.(t)A Uˆappr.(t). (63)
Let the total Hamiltonian be given by
Hˆ(t) = Hˆ0 + ǫ(t)Hˆ1, (64)
where [Hˆ0, Hˆ1] 6= 0. The exact evolution operator Uˆ(t) satisfies the Schro¨dinger
equation
dUˆ(t)
dt
= − i
h¯
Hˆ(t) Uˆ(t). (65)
To find an approximate unitary solution, following [33] we assume
Uˆ(t) = euˆ(t),
uˆ(t) =
∞∑
k=1
uˆk(t), (66)
then
uˆ1(t) = − i
h¯
∫ t
0
dt1 Hˆ(t1),
uˆ2(t) =
1
2
(− i
h¯
)2
∫ t
0
dt1
∫ t1
0
dt2 [Hˆ(t1), Hˆ(t2)],
uˆ3(t) =
1
6
(− i
h¯
)3
∫ t
0
dt1
∫ t1
0
dt2
∫ t2
0
dt3
{
[Hˆ(t1), [Hˆ(t2), Hˆ(t3)]]
+[Hˆ(t3), [Hˆ(t2), Hˆ(t1)]]
}
,
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therefore,
Uˆappr.(t) ≈ euˆ1+uˆ2+uˆ3 , (67)
and the time-evolution of an arbitrary dynamical variable Aˆ in Heisenberg picture
is approximately given by
Aˆ(t) = Uˆ†appr.(t) Aˆ(0) Uˆappr.(t), (68)
and similar steps can be followed to find an approximate reduced density matrix
in a preferred basis.
12 Conclusions
An alternative derivation of the reduced density matrix of a driven dissipative
quantum harmonic oscillator as the prototype of an open quantum system was in-
troduced in the Heisenberg picture. The reduced density matrix for different initial
states of the combined system was obtained from a general formula, and different
limiting cases were studied. Exact expressions for the corresponding characteristic
function in quantum thermodynamics and Wigner quasi distribution function were
found. Though the method introduced here was based on the existence of exact
expressions for the time-evolution of dynamical observables, as a generalization, a
perturbative method based on the Magnus expansion could be developed leading
to approximate expressions for the time-evolution of the main dynamical variables
in Heisenberg picture.
A Derivation of Eqs. (2) and (5)
From Hamiltonian Eq. (1) and Heisenberg equations of motion for aˆ and bˆj we have
˙ˆa =
1
ih¯
[aˆ, Hˆ] = −iω0aˆ− i
∑
j
fj bˆj − iK(t). (69)
˙ˆ
bj =
1
ih¯
[bˆj , Hˆ] = −iωj bˆj − if¯j aˆ. (70)
The solution of Eq. (70) is
bˆj(t) = e
−iωjtbˆj(0) − if¯j
∫ t
0
dt′ e−iωj(t−t
′)aˆ(t′), (71)
by inserting this solution into Eq. (69), we find
˙ˆa+ iω0 aˆ+
∫ t
0
dt′ χ(t− t′) aˆ(t′) = −i
∑
j
fj e
−iωjt bˆj(0)− iK(t), (72)
where the response function of the medium is defined by
χ(t − t′) =
∑
j
|fj |2 e−iωj(t−t
′). (73)
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By taking the Laplace transform of both sides of Eq. (72) we obtain
a˜(s) =
1
s+ iω0 + χ˜(s)
aˆ(0) − i K˜(s)
s+ iω0 + χ˜(s)
−i
∑
j
fj bˆj(0)
(s+ iω0 + χ˜(s))(s+ i ωj)
, (74)
and by taking inverse Laplace transform we finally find
aˆ(t) = G(t) aˆ(0) − i
∑
j
Mj(t) bˆj(0) − iζ(t), (75)
with the hermitian conjugation
aˆ†(t) = G¯(t) aˆ†(0) + i
∑
j
M¯j(t) bˆ
†
j(0) + iζ¯(t), (76)
where
G(t) = L−1
[
1
s+ iω0 + χ˜(s)
]
,
Mj(t) = fj
∫ t
0
dt′ e−iωj(t−t
′)G(t′),
ζ(t) =
∫ t
0
dt′ G(t − t′)K(t′). (77)
By inserting Eq. (75) into Eq. (71) we find
bˆj(t) =
∑
k
{
e−iωjt δjk − f¯j
∫ t
0
dt′ e−iωj(t−t
′)Mk(t
′)︸ ︷︷ ︸
Λjk(t)
}
bˆk(0)
−if¯j
∫ t
0
dt′ e−iωj(t−t
′)Gk(t
′)︸ ︷︷ ︸
Γj(t)
aˆ(0)
−f¯j
∫ t
0
dt′ e−iωj(t−t
′) ζk(t
′)︸ ︷︷ ︸
Ωj(t)
. (78)
Therefore,
bˆj(t) =
∑
k
Λjk(t) bˆk(0) + Γj(t) aˆ(0) +Ωj(t),
bˆ†j(t) =
∑
k
Λ¯jk(t) bˆ
†
k
(0) + Γ¯j(t) aˆ
†(0) + Ω¯j(t). (79)
B Derivation of Eqs. (11)
∞∑
n=0
Qˆnn(t) =
∞∑
n=0
Uˆ†(t) |n〉〈n| ⊗ IR Uˆ(t),
= Uˆ†(t) IS ⊗ IR Uˆ(t) = Uˆ†(t) Uˆ(t) = I.
(80)
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∞∑
n=0
ns Qˆnn(t) =
∞∑
n=0
ns Uˆ†(t) |n〉〈n| ⊗ IR Uˆ(t),
= Uˆ†(t)
∞∑
n=0
ns |n〉〈n| ⊗ IR Uˆ(t),
= Uˆ†(t)(aˆ†(0) aˆ(0))s Uˆ(t),
= (aˆ†(t) aˆ(t))s . (81)
C Derivation of Eq. (12)
Qˆnn(t) = Uˆ
†(t)|m〉〈n| ⊗ IR Uˆ(t),
= Uˆ†(t)
(aˆ†(0))m√
m!
|0〉〈0| aˆ(0))
n
√
n!
⊗ IR Uˆ(t). (82)
On the other hand [34]
|0〉〈0| =
∞∑
s=0
(−1)s
s!
(aˆ†(0))s(aˆ(0))s , (83)
by inserting Eq. (83) into Eq. (82) we deduce
Qˆnn(t) =
1√
m!n!
∞∑
s=0
(−1)s
s!
Uˆ†(t) (aˆ†(0))m+s (aˆ(0))n+s ⊗ IR Uˆ(t),
=
1√
m!n!
∞∑
s=0
(−1)s
s!
(aˆ†(t))m+s(aˆ(t))n+s .
(84)
D Derivation of Eq. (19)
We have
TrR
[
(Bˆ†)u(Bˆ)v ρˆR(0)
]
=
(
∂
∂J
)u ( ∂
∂J¯
)v
TrR
[
eJBˆ
†
eJ¯Bˆ ρˆR(0)
]∣∣∣∣
J=J¯=0
. (85)
By inserting the definitions
Bˆ =
∑
k
Mk(t) bˆk(0),
Bˆ† =
∑
k
M¯k(t) bˆ
†
k
(0), (86)
into the generating function defined by Eq. (85) we find
TrR
[
eJBˆ
†
eJ¯Bˆ ρˆR(0)
]
=
∏
k
Trk
(
eJM¯k(t)bˆ
†
k
(0)eJ¯Mk(t)bˆk(0)
e−βh¯ωk bˆ
†
k
bˆk
zk
)
︸ ︷︷ ︸
Ik
, (87)
where Trk means taking trace over the Hilbert space of the kth oscillator in the environment
and zk is the corresponding partition function
zk = Trk
(
e−βh¯ωk bˆ
†
k
bˆk
)
. (88)
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Now we have
Ik =
1
zk
∞∑
nk=0
e−βh¯ωknk 〈nk |eJM¯k(t)bˆ
†
k
(0)eJ¯Mk(t)bˆk(0)|nk〉,
=
1
zk
∞∑
nk=0
e−βh¯ωknk
nk∑
l=0
|J |2l |Mk(t)|2l
(l!)2
〈nk|(bˆ†k)l(bˆk)l|nk〉,
=
1
zk
∞∑
nk=0
e−βh¯ωknk
nk∑
l=0
|J |2l |Mk(t)|2l
(l!)2
nk!
(nk − l)!
,
= e
−JJ¯
|Mk(t)|
2
1−eβh¯ωk . (89)
Therefore, the generating function is
TrR
[
eJBˆ
†
eJ¯Bˆ ρˆR(0)
]
= e
−JJ¯
|Mk(t)|
2
1−eβh¯ωk = e−JJ¯ η(t). (90)
By making use of Eq. (85) we finally find
TrR
[
(Bˆ†)u(Bˆ)v ρˆR(0)
]
= (∂/∂J)u (∂/∂J¯)v e−JJ¯ η(t)
∣∣∣∣
J=J¯=0
,
= δuv u! [η(t)]
u . (91)
E Derivation of Eq. (26)
We have
〈n|ρˆS(t)|m〉 =
1√
n!m!
∞∑
s=0
(−1)s
s!
s+m∑
p=0
s+n∑
r=0
min(p,r)∑
u=0
(s+m
p
)(s+ n
r
)(p
u
)(r
u
)
u! [η(t)]u
× [G¯(t)]s+m−p[G(t)]s+n−r [ζ¯(t)]p−u[ζ(t)]r−u (i)p−r
×
√
k!
(k − s− n+ r)!
√
k!
(k − s−m + p)! δm−p,n−r ,
=
im−n√
n!m!
∞∑
s=0
(−1)s
s!
s+n∑
r=rmin
r∑
u=0
( s+m
m− n+ r
)(s+ n
r
)(m− n+ r
u
)(r
u
)
×u! [η(t)]u k!
(k − s− n+ r)! |G(t)|
2(s+n−r)(ζ¯)m−n+r (ζ)r |ζ|−2u,
=
(iζ¯)m−n√
n!m!
∞∑
s=0
(−1)s
s!
s+n∑
r=rmin
k!
(k − s− n+ r)!
( s+m
m− n+ r
)(s+ n
r
)
×|G(t)|2(s+n−r)|ζ|2r
r∑
u=0
(m− n+ r
u
)(r
u
)
u!
[
η(t)
|ζ(t)|2
]u
, (92)
where rmin = max(s+ n− k, 0).
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F Derivation of Eq. (30)
〈F (aˆ†(0), aˆ(0))〉t = TrS [F (aˆ†(0), aˆ(0)) ρˆS(t)],
= TrS [F (aˆ
†(0), aˆ(0)) TrRρˆ(t)],
= Tr[F (aˆ†(0), aˆ(0)) ρˆ(t)],
= Tr[F (aˆ†(0), aˆ(0)) Uˆ(t) ρˆ(0) Uˆ†(t)],
= Tr[Uˆ†(t)F (aˆ†(0), aˆ(0)) Uˆ(t)ρˆ(0)],
= Tr[F (aˆ†(t), aˆ(t)) ρˆ(0)],
(93)
G Derivation of Eq. (34)
In the absence of dissipation (fk = 0, k = 0, 1, 2, · · · ), we have from Eq. (21)
χ˜(s) = 0→ G(t) = e−iω0t,
η(t) = 0. (94)
Therefore,
〈n|ρˆS(t)|m〉 =
1√
n!m!
∞∑
s=0
(−1)s
s!
s+m∑
p=0
s+n∑
r=0
(s+m
p
)(s+ n
r
)
e−iω0t(s+n−r)eiω0t(s+m−p)
×ζ¯p ζr αs+n−r α¯s+m−p (i)p−r ,
=
1√
n!m!
∞∑
s=0
(−1)s
s!
|α|2s αn α¯m e−inω0teimω0t
×
s+m∑
p=0
(s+m
p
)
e−ipω0t (iζ¯)p (α¯)−p
s+n∑
r=0
(s+ n
r
)
eirω0t (−iζ)r α−r ,
=
1√
n!m!
∞∑
s=0
(−1)s
s!
|α|2s αn α¯m e−inω0teimω0t
×
(
1 +
iζ¯e−iω0t
α¯
)s+m(
1− iζ
α
eiω0t
)s+n
,
=
1√
n!m!
∞∑
s=0
(−1)s
s!
|α− iζ eiω0t|2s (α¯ eiω0t + iζ¯)m (α e−iω0t − iζ)n,
=
(α e−iω0t − iζ)n(α¯ eiω0t + iζ¯)m√
n!m!
e−|α e
−iω0t−iζ|2 . (95)
H Vanishing of coherency in Eq. (41)
In large-time limit, we have G(t)→ 0 and for the non diagonal matrix elements of the reduced
density matrix (n 6= m) we easily see that the maximum degree of G(t) in denominator is
smaller than its degree in numerator, since
2r = 2(s+min(m,n)) < 2s+m+ n, (m 6= n), (96)
therefore, the non diagonal elements tend to zero and accordingly there is no coherency in the
preferred number basis |n〉.
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I Derivation of Eq. (55)
In large-time limit G(t) → 0, so by setting s + n − r = 0 and s +m − r = 0 we find n = m,
leading to
〈n|ρˆS(t)|m〉 = δn,m
1√
n!m!
∞∑
s=0
(−1)s
s!
(s+ n)! [η(t)]s+n,
= δn,m
η(t)n√
n!m!
∞∑
s=0
(−1)s (s+ n)!
s!
[η(t)]s ,
= δn,m
η(t)n
n!
n!
[1 + η(t)]n+1
= δn,m
[η(t)]n
[1 + η(t)]n+1
. (97)
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